Abstract. In this paper we consider classical electrodynamic models with maximal acceleration and some of its consequences for laser-plasma acceleration. We show the existence of bounds for the acceleration gradient, reflected also in the expressions for the wavebreaking limit field. In the case of higher order jet electrodynamics, the modifications of the wavebreaking field scales with the size of the bunch trapped, while in the case of Born-Infeld kinematics, the theory leads to an universal upper bound for the accelerator gradient and wavebreaking field limit.
Introduction
The existence of a maximal proper acceleration in Nature has been under investigation for a long time [3, 2, 5] . More recently, it has been renewed interest in maximal acceleration because its potential relation with string field theory [21] , loop quantum gravity [24] and with modifications of classical electrodynamics [25, 14] . Indeed, the existence of a maximal acceleration implies modifications of the theory of special and general relativity and it has sound theoretical consequences for quantum field theory [20] and in the resolution of gravitational singularities [4, 24] . Experimental and phenomenological proposal to measure maximal acceleration has been investigated [10, 22, 26] . The current accepted status is that only lower bounds for maximal acceleration have been achieved from different phenomena, but it has not been found experimental evidence yet.
In this paper we investigate genuine predictions that arise in laser-plasma acceleration from theories of electrodynamics with a maximal proper acceleration. There are several theoretical reasons to explore such avenue. We would like to highlight here that for electrodynamic systems, in situations where radiation reaction effects are of relevance, there must be a modification of the theory of special relativity. In particular, the so called clock hypothesis [8] does not hold in such situations [19] . The clock hypothesis can be stated as the equivalence of an accelerated coordinate system with a family of instantaneous inertial coordinate systems. This equivalence implies that the spacetime metric structure can be described by a Lorentzian metric [8] . It was B. Mashhoon who first observed that the clock hypothesis is in general not applicable when the intrinsic dimensions of the observer are of the same size than the scales of the interactions [19] . In particular, this happens in electrodynamics when radiation reaction has important effects. Violations of the clock hypothesis leads to modifications of the classical spacetime metric structure.
On the other hand and despite that the problem of finding a consistent theory for radiation reaction of point particles has attracted much interest for a long time, the current standard theory has pathological physical properties [6] . This means that the equation of motion of the point charged particle is plagued by run-away and pre-accelerated solutions. The most popular proposal to solve these problems is the Landau-Lifshitz equation [17] . However, it is still unclear if the Landau-Lifshitz equation is free of all the problems than its parent equation (the Lorentz-Dirac equation) has, since the Landau-Lifshitz equation is obtained from the LorentzDirac equation under some approximations.
In this context of apparent absence of a totally satisfactory solution for the motion of a point charged particle, the author suggested an alternative theory of classical electrodynamics, a proposal that was schematically discussed in [14] and more extensively developed in a series of notes in [12] . The fundamental idea is to consider an extension of the notion of electromagnetic field and spacetime structure in such a way that both depend upon the details of how the classical fields are being probed by the interacting classical test particles. This aim is achieved by assuming that fields and metrics depend on higher order differential jets, that is, not only depend on the spacetime location of test particle, but also on its speed and acceleration [12, 13, 14] . In the context of classical electrodynamics, such considerations lead to a new model for the point charge particle, which is now described by a second order differential equation. It can be argued that the new dynamical law contains a maximal acceleration and that the spacetime structure is described by a metric of maximal acceleration that depends on the acceleration of the test particle [13] .
These are all very speculative ideas and it will be very good if we can have falsifiable predictions from them. In this paper we will show that the theory of higher order jet electrodynamics sketched above becomes falsifiable in the contest of laser-plasma acceleration. In laser-plasma acceleration systems the gradients of acceleration are very large and we can argue that, under some technical approximations, such gradients are currently of the same order or very close in magnitude to the maximal acceleration that our model predicts. We will describe this prediction and compare it with the analogous effect for other modifications of electrodynamics containing a maximal acceleration. In particular, we will consider the effect of the maximal acceleration for the acceleration gradient in the case of Born-Infeld theory [1, 25] .
The fundamental observable that we will consider is the electric field at the wavebreaking field limit and the related maximal acceleration gradient. We will show that in the case of higher order jet electrodynamics, the wavebreaking field dumps with the size of the trapped, charged particles. In the case of Born-Indeld theory, there is an universal theoretical upper bound for the wavebreaking field. Notation. In this paper M is the four dimensional spacetime manifold. T M is the tangent bundle of M and η is a Lorenztian metric defined on M , although by practical purposes we will often assume that η is the Minkowski metric with signature (−1, 1, 1, 1), since we will consider local properties. Local coordinates on M are denoted by (x 0 , x 1 , x 2 , x 3 ) or simply by x µ . We will find useful to identify the notation for points and coordinates, since we are working on open domains of M to homeomorphic to R 4 . Natural coordinates on T M and N C are denoted by (x,ẋ). In this work we have use natural units where the speed of light in vacuum is c = 1. For a charged particle, m will be the mass and q the charge; m e is the mass of a single electron and e its charge.
Theories of electrodynamics with maximal acceleration
We start by introducing the theory of higher order jet electrodynamics discussed in [14] . The theory is based on the fundamental idea that, in order to embrace situations where the reaction of charges particles to the interaction with classical fields must be taken into account, the generalized electromagnetic field is assumed to depend upon the differential jet associated to the charged test particle. Thus the notion of classical field (electromagnetic field in this case), is made dependent on the way it is probed by interacting particles. In this theory, the electromagnetic field is of the form [14] (2.1)
where x : I → M is the world line of the test particle and the dot-notation indicates derivatives respect to the parameter proper time of the theory. d 4 is the exterior differential operator on generalized forms, which is defined in very similar way as the standard exterior differential operator. Indeed, there is a well defined Cartan calculus for generalized fields, that we give here by assumed. These constructions can be found in [12] . The spacetime structure that determines the proper time is a metric of maximal acceleration [13] . This is a metric structure that depends up to the second derivatives of the world line coordinates (the second jet of the world line x : I → M ). In local coordinates, the metric of maximal acceleration is of the form
Here the ′ -notation denotes derivatives respect to an ambient Lorentzian metric η and D is the associated covariant derivative. Proper acceleration respect to the metric η is bounded by A max .
With the above elements and further constraints related with the conservation of energy by assuming compatibility with the covariant Larmor's radiation formula [15] , one can have a model of the point charged particle described by second order differential equations. The derivation of this equation is found in [14] and it turns out to be of the form
This was our proposed equation of motion for a point charged particle. Formally, it is related with the Lorentz-Dirac equation [6] , but the Scott's term is absent. Let us remark here that underlying metric is the metric of maximal acceleration and that the kinematical constraints for the speed and higher order derivatives are different than for a Lorentzian metric [14] . In particular,ẋ andẍ are not necessarily orthogonal respect to the metric of maximal acceleration g.
If the radiation reaction term is small compared with the Lorentz force term, one an consider the approximation
and substitute this expression in the equation (2.3), in a similar situation as in Landau-Lifshitz theory [17] . This leads to the equation
In this approximation we have that
This suggests the existence of a maximal value for the Lorentz force acting on the system of the form The value of the maximal acceleration (2.5) coincides with the same maximal acceleration in Caldirola's theory of extended electrons [5] . Since the value of Caldirola's acceleration is obtained by a non-perturbative procedure, we suggest that the relation (2.5) is indeed a non-perturbative result, even if discussed previously from the point of view of a perturbative analysis [14] . This assumption is consistent with the domain of dependence of the metric g in the jet bundle J The maximal acceleration (2.5) corresponds to a maximal electric field that the test particle can feel,
The maximal acceleration (2.5) depends on the type of charged particle, in particular, on the charge and mass of the particle. It is this characteristic which we will show has experimental consequences for laser-plasma acceleration.
The second example of classical theory of electrodynamics with a maximal acceleration that we will consider is a kinematical theory of maximal acceleration [25] , motivated by Born-Infeld theory [1] . It is based on a pseudo-complex extension of Lorentzian geometry. Such extensions determine a metric, which is isometric to a Sasaki type metric defined on T M [25] . We will not entry on the details of Schuller's theory. Indeed, the basic ingredient that we need from the theory is the value proposed in such theory for the maximal proper acceleration, which is given by the expressionã
where b is the coupling of the Born-Infeld theory, a constant independent of the particle [1] . We observe that this value of the maximal acceleration that a charged particle can reach has a different dependence on the mass m and the charge q than (2.5), implying different predictions as it will be shown later. In particular, the maximal electric field in Born-Infeld theory is
if the Lorentz force equation applies.
On the constraints imposed by a maximal acceleration in laser-plasma acceleration
The phenomena that we will consider in frameworks of theories with a maximal acceleration is laser-plasma acceleration. For a general review of the fundamental theory of laser-plasma acceleration, see for instance [9] . This is not casual, since in such systems, sustained high acceleration gradients are achieved of order 10 22 m/s 2 or higher [18] , which is close to the theoretical maximal proper acceleration reached for the bunches of electrons in a systems, as we will discuss. For a general review of the fundamental theory [9] . In particular, we will consider modifications of the theoretical value of the wavebreaking limit field in 1-dimensional wake field accelerator in the cold fluid description of the relativistic regime. Then we can assume that the plasma wave is of the form
where v p is the phase velocity, which is approximately the speed of light v p ≃ c, and w p is the plasma frequency. If n 0 is the ionized ambient electron density, w p = (4πn 0 e 2 /m e ) 1/2 . If thermal effects are disregarded, then the standard electrodynamic theory predicts a limit to the electric field E z , the wavebreaking limit field, which is given by the expression [9] 
2 ) −1/2 the gamma factor. The electric field
is the non-relativistic wavebreaking field. In the case of electrodynamics theories with a maximal acceleration, it is natural to expect modifications of the wavebreaking field E W B . We analyze the case of higher order jet electrodynamics [14] and Born-Infeld electrodynamics [1] . The most relevant factor here is the existence of a maximal acceleration that corresponds to the maximal acceleration field. This maximal field is equivalent to the maximal wavebreaking field.
In order to simplify the treatment, we will assume that the bunch of accelerated particles moves as a sole particle of mass m = N m e and charge q = N e and that, even if being a composite system, it is well described as a point particle. This is a crude approximation, but it will help us to show the qualitative differences between theories of electrodynamics with maximal acceleration and the standard Maxwell-Lorentz electrodynamics.
3.1. Maximal acceleration and modifications of the wavebreaking in higher order jet electrodynamics. Under the above approximation, the maximal acceleration achievable for the collective bunch of trapped electrons is given by the expression
The expression But now we see that the size N of the accelerated particles reduces the maximal acceleration achievable by a factor 1/N . This is basically our prediction, since for current wake plasma accelerators facilities one can reach accelerated bunches with N ∼ 10 8 [18] , which implies a max ∼ 10 24 m/s 2 , a figure close to the current bounds for acceleration gradients a ∼ 10 22 m/s 2 . Thus one expects to show effects from maximal acceleration.
For instance, in terms of the wavebreaking field, if one identifies the maximal experienced field (2.6) to the wake field limit, which leads to the expression
This implies a strong limit for the kinetic energy achievable for the electrons trapped by the wake, a suppression of the form
3.2. Maximal acceleration and maximal wavebreaking in Born-Infeld kinematics. In this case, the maximal value of the acceleration is given by the expression (2.7), which has a trivial dependence with N . Therefore, laser-plasma accelerators can only provide an upper bound for b −1 , that comes from the acceleration gradients of order 10 22 m/s 2 to 10 23 m/s 2 . Despite this limitation, BornInfeld electrodynamics implies the existence of an upper limit wavebreaking field, or equivalently, an universal maximal gamma factor
independent of the size of the bunch.
Discussion
We have shown how laser-plasma accelerators phenomenology can be used to probe classical theories with a maximal acceleration in electrodynamics. However, there are several assumptions in our argument that could be criticised and that we need to address or mention. The first one concerns the prediction of maximal acceleration in higher order jet electrodynamics, eq. (2.5). The original argument was developed in the regime when the acceleration is small compared with the maximal proper acceleration a << a max . Thus our suggestion that the value evaluated in this way for a max is still valid for large accelerations is outside the domain of validity where we can substance the theory. However, we can still insists in that eq. (2.5) provides the expression for the maximal acceleration in electrodynamics, based on dimensional grounds and in that the kinematical and metric expressions are formally well defined in the whole regime where a < a max . In this case, the theory discussed in [14] must be complemented with this extension hypothesis.
The second issues are about the approximations for laser-plasma interaction that we are considering, specifically, thermal effects and space charge effects have been disregarded. Indeed, it is well known that thermal effects can reduce the effective wavebreaking limit [23, 16] . However, the predicted behaviors due to maximal acceleration cannot be hidden by the cold fluid approximation. In the case of higher order jet electrodynamics, we do not foresee a way to modify the 1/N 2 dependence in γ max p in the modified wavebreaking relation, eq. (3.4) by thermal effects. Similarly, thermal effects could modify the bounds for the maximal acceleration appearing in Born-Infeld theory.
The problem of the space charge and the approximation of considering the collective motion of the bunch of N particles as a point particle, we recognize, is rather relevant and deserves further analysis in the form of a full treatment of the dynamics by the associated kinetic models. However, we do not think that this will change the qualitative behaviour of the maximal acceleration as a function of N .
Finally, there can be some further doubts on the applicability of classical electrodynamic models to the systems that we are considering. Current investigations support that quantum electrodynamics effects could be of relevance [7] . This criticism deserves detailed analysis that we will not pursue here. However, let us remark that one of the problems involves the maximal acceleration associated with the critical field in classical electrodynamics [27, 7] . Such acceleration is associated to a dynamical quantum systems which asymptotic states contain only one charged particle. In our models, the bunch of accelerated particles are classical dynamical systems, with a well assigned world line and with (charge,mass) parameters N times larger than (e, m e ) for a single electron, which implies an effective theoretical maximal acceleration much smaller than the classical acceleration a cr associated to the critical field F cr for an electron, an acceleration of order a cr ∼ 10 30 m/s 2 . On the other hand, the notion of critical acceleration cannot be applied to a collective motion of bunches with N particles, since being macroscopic, they are well described collectively by a classical dynamics.
